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1. INTRODUCTION:

The realistic models are best described by differential equations with delay arguments. The delay is either
discrete or continuous or both. The hybrid systems where the delay is piecewise continuous was reported for the first
time in [2] and further developed in [3], [4]. A neutral differential equation (NDE) is a differential equation where
the derivative of an unknown function at present time depends not only on the history of that unknown function but
also on the history of the derivative of that function. The existence, uniqueness, and continuation of solutions of these
equations are studied by Driver [5], Grimm [6], Henrquez [7] and references there in, and of general equations by
Hale [9, 10]. This paper discusses the existence, uniqueness, and continuation of solution for a first order neutral
differential equation with piecewise constant deviating argument.

We consider the following NDE:
x'(t) = f(t,2(6), x([¢]D, x" ([t]) ); %(0) = xo, (€Y)
Where f € C(K,R),K c R* and [.] is the greatest integer function.

Let D denotes the class of all functions x:J — R, satisfying
1. x(t) is continuous, for t € J.
2. x'(t) exists and is continuous on the intervals [n,n + 1), forn = 0,1,2,...,T — 2 and on [T -1, T).

where T = [T]+1, forT # [T}, andT =T, for T =[T].
A function x: ] — R is said to be solution of (1) if x € D and satisfies (1) with x'(t) = x,(t)on t =1,2,3,..,T — 1.

2.PRELIMINARIES:

In this section we state lemma, definitions, and theorems which are preliminary requirements for the main results.
Lemma 2.1. (Ascoli-Arzela)[1]:

Let F be a family of functions bounded and equicontinuous at every point of an interval 1. Then,

every sequence of functions fn in F contains a subsequence uniformly convergent on every compact

subinterval of I

Theorem 2.2. (Contraction Mapping Theorem)[§]:

Let F be a continuous mapping of a complete metric space X into itself such that F* is a contraction
mapping of X for some positive integer k. Then F has a unique fixed point.

3. EXISTENCE AND UNIQUENESS OF SOLUTION:
In this section, we prove the existence and uniqueness of solution of (1).
Theorem 3.1. Suppose that the following conditions are satisfied:

(Al) f(t, x,y,z) be piecewise continuous function on
S={0<t<T,|x—x| <b|ly—x0l <b,|z—2y| <c;b,c,T >0} cR*
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(A2) f is bounded on S i.e.sup .y »Heslf| < M.

(A3) f(t,x,y,z) satisfies,

|1 (6, x1,y1,21) = (6, %2, Y2, 22)|| < Ly|lx1 = 21| + Lz [ly1 = vl | + Lsllzy — 22|,
Fort € [0,T]land Ly, Ly, Ls > 0.
Then there exists 8 € [0,T] such that for 0 <t < f8, (1) has a unique solution with initial function x(0) = x, at t=0.

Proof : Let C'(J, R) be the space of all continuous and differentiable functions.
Define ||x(t)|| = supiefor|x(t)]. With the above norm C'(J, R) is a Banach space. Choose /3, p, ¥ = 1 such that

0<B<T, 0<p<bh0<y<cand fM<a where a = min{ﬁ,%}, & = min{p, y}.
LetS; ={x € C'(J,R),||x — xo ||< a}. S; isaclosed, convex, bounded subset of the Banach space C'(J, R). Let x,
be any element of S;. Define a sequence recursively on [n,n + [], where 0 <l < landn =0,1,2,...,5 — 2 by

t
() = P (7©) = w500 + | £(sxk™ 00,787 0,77 ).

xk(m) = x3(n),zk(n) = z0(n), k = 1,2,3, ..., m. We claim that x¥~1(t) converges to a fixed point on [n,n + 1].
Since f(t, x,y, z) is continuous on [n,n + [], the function x2(t), x5 (t), ..., x*(t) are defined and continuous on
[n,n + []. Obviously (t, xg(t)) € S;. Therefore, we have

[lxh(©) = x| < M(t—n) <MB <a,
And hence (t, x,11(t)) € S;. We can show by induction that ||x,’§ () — x2 (t)ll < a, which implies for k = 2,3, ..., m,

(t, xk (t)) € S;. Also, it is not hard to check using Leibnitz newton theorem that, P(x¥~1(t)) is continuously

differentiable on [n,n + [].
To show the convergence of {x(t)} we take p/*(t) = xI*(t) — x™~1(t). Consider,

|z = 22 @] = ||P(er=2 () = P2 ()|

=[ [} (s, 227 (), i (n), 25~ ()ds — ) f(s, 12 (n), yr =2 (n), Z 2 (n))dis ||

< 2L(1+ LY)(t — )|l (8) — 2 ()]
< (2L(1+L)Y" ta(t-n)™

m!
where L = max{Lq, L,, L3}.
2L(1 + L)} la
m
IRl <= @
Next we consider an infinite series of the form
x(®) =%+ ) ph(D) 3)
1=
The m™ partial sum of this series is xT(t), i.e.
m
O =50+ ) phe) (4)
1=
The sequence {x;i*(t)} converges iff (4) converges. From inequality (2), we have
mo m 2L(1+ L)} ta
ot ) IOl sxo+) 5)
i= i= :

(2L(1+L)} 1a
i!

and the continuity of the function f(t, x,y, z) on S;, it follows that f(t, X', yit, zi") = f(t, Xn, Y, Zn)

uniformly on [n,n + [] as m — o. Hence, x,(t) is a solution of (1) on [n,n + [].

Now, for n = 0 we get solution x,(t). We extend the interval of existence from [0,1] to [1,2] as I — 1. We apply the

local existence theorem on this interval with initial condition xy(1) = x; This way the interval of existence can be

extended to [0, B].

In order to prove the uniqueness, let u(t) be any other solution of (1) and x,(t) # u,(t) ont € [n,n + 1].

[1%2() = un (O] < |1xn1(E) = ttea O] + 11 [ £(520(8), %)X 5 ())ds = [ £ (5,11 (5), (), ' 5 () s |
< @+ (2L + D}, 1 () = un(s)llds.
Applying Gronwall’s inequality, we get
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|12 (£) = un (]| < are?-A+LE,
Hence choosing a suitably, it is easy to see that ||x(t) — u(t)|| < € for t € [n,n + []. Hence x(t) = u(t).
Remark 3.2. Under the condition of Theorem 3.1, the solution x(t) can be extended to the boundary of the set S.

In the next theorem, we are going to relax the Lipschitz condition (A3) on f and obtain the result
for existence of solution.

Theorem 3.3. Let the function f{t,x,y,z) be continuous and bounded in the strip
S;={0<t<B x| <oop >0}
Then, the initial value problem (1) has at least one solution x(t) defined on the interval 0, B].

Proof : We define a sequence of functions {xX(t)}on [n,n + 1], where n = 0,1,2,3, ... — 2 and on [ — 1, 8] as
follows:
For, t = n,xX(t) = x,,_,(n)

and t € [n,n+ 1], XE() = %01 () + [ F(5,6571(8), 57 (), 2K~ (n))ds (6)

From the definition for n = 0 we have x¥ = x, at t = 0. This definition we use to define x¥ on the interval t € [0,1]
as | » 1, which can be further extended to the next interval t € [1,2]. By continuing the process xX (t) is well
defined for the interval [n,n + []. Also, it is not hard to check using Leibnitz newton theorem that, xX(t)) is
continuously differentiable on [n,n + [].

Also, we have f bounded on S,. Therefore, for (t,x) € S we have |f(t,x,y,z)| < M; where M > 0 is some constant.
Using (6) for ty,t, € [n,n + 1], we get
|xr’§(t1) - xfaf(tz)l < M|t; — t;],
Which shows the sequence {xX (t)} is equicontinuous on [n,n + I].
Consequently,

2] < lenoa ()1 + M,
Which shows that {x¥(¢)} is uniformly bounded on [n,n + []. Hence by Ascoli-Arzela’s lemma there exists a

k . . . .
subsequence {xn”} ,p = 0,1,2, ...which converges uniformly to continuous function x(t) on [n,n + []. So we have

t
x’;p (t) = xp_1(n) + f f (s, x,’ip (n),y:p (n),z,’i” (n)) ds.

As p - o, we have

t
X (£) = g () + f £ Xmymz)ds, € [+l
n

This shows that the initial value problem (1) has a solution on [n,n + []. Now, for n = 0 we get solution x,(t). We
extend the interval of existence from [0,1] to [1,2] as [ — 1. We apply the local existence theorem on this interval with
initial condition xy(1) = x; This way the interval of existence can be extended to [0, 8].

Corollary 3.4. If f is monotonically nondecreasing in'y and z for each fixed t on S, then IVP (1) has a unique
solution on [0, B].

Proof: Let, there exist two solutions u(¢) and v(¢) on [0, 5] . We show that u(t) = v(z.). Let us suppose
not. Then there exists t € [n,n + [] such that u,, (t,) = v,,(t,) and u, (t) < v,(t), fort € [n, t,).
Then, u,(n) < v,(n) and , u',,(n) < v',,(n).
For sufficiently small h < 0. It follows u'(t) = v'(t),t € [n, t,),
which gives,
f(t un(tn), un (), u' () = f(t, v(tn), vp (), v' (),

For t € [n,t,), which is acontradiction to the fact that fis nondecreasing on [n,n + ].
Hence u(t) = v(t),t € [n,n + []. Consequently, u(t) = v(t)fort € [0, B].
4 CONTINUOUS DEPENDENCE OF SOLUTION

When we are describing the physical process using IVP for differential equations we desire that if there is
some error in the initial data then it should not effect the solution very much i.e. we seek the continuous dependence of
solution of IVP on initial condition.
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In this section, we along with (1) are considering the following system:

y' (@) = f(&,y@©,y([eD,y' ([tD) + g(t, y@®), y([tD, y'([tD). (7)
Where g € C(S,R).

Theorem 4.1. Consider the system (7) where f(t,y(t), y([t]),y'([t])) satisfies the assumptions of

Theorem 3.1 and g(t,y(t), y([t]),y'([t])) is an integral function of t. Then, (7) has a unique solution

y(t) on [0, B*|with initial condition y(0) = y, fort = 0. Let x(t) be the unique solution of (1) on [0, B] with initial
condition x(0) = x for t=0. Let B; = min{B, B*}, then for € > 0, there exists a (€, g) > 0 such that |xy — yo| < &
and |g (¢, y(0), y([¢]), y' ([t])] < & implies |x(¢) — y ()| <€, t € [0, B1]-

Proof: For t € [n,n + l],wheren = 0,1,2, ..., 5; — 2 and [B; — 1, B1]. Let x,,(t) and y,(t) be solutions on
[n,n + I]. Then

|xn(t) - yn(t)l < |xtn—1(n) - yn—l(n)l
+ f £ (5, %0 (5), % (1), X' () = £ (5, yn (5D, yn (), ", (W) | ds

t
+ f 1965, () yu (), y', ()]s, ¢ € [m,n + 1.

t t ’
S8+ 2L+ L) [ 1x2(s) = ya(S)lds + [ 19 (s, yu (8D, yn (), ¥" ()] ds],
t

S S(1+B1) + 2L(L + L) [ x4 (s) — yn(s)lds.

Applying Gronwall’s inequality, we get
% (£) = Yo ()] < 8(1 + By)e O+,

Hence choosing § suitably, it is easy to see that |x(t) — y(t)| < € for t € [0, B;]. This completes the proof of the
theorem.
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